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For a finitely generated algebra over a field, the transcendence degree is known to be 
X^/^ ' equal to the Krull dimension. The aim of this paper is to generalize this result to algebras 

over rings. A new definition of the transcendence degree of an algebra A over a ring R is given 
by calling elements of A algebraically dependent if they satisfy an algebraic equation over 
R whose trailing coefficient, with respect to some monomial ordering, is 1. The main result 
is that for a finitely generated algebra over a Noetherian Jacobson ring, the transcendence 
■ degree is equal to the Krull dimension. 

Introduction 

The equality of Krull dimension and transcendence degree for a finitely generated algebra over a 
field is one of the fundamental results in commutative algebra. Various extensions of this result 
have appeared in the literature. Onoda and Yoshida [11] generalized the result to subalgebras 
of a finitely generated algebra over a field. Tanimoto [13] showed that for a finitely generated 
domain A over a field and a prime ideal P G Spec(A), the local ring Ap has a subficld L such that 
the transcendence degree of over L equals dim(Ap). Some authors, among them Giral [5] 
and Hamann [6], proposed several notions of a transcendence degree of an algebra over a ring 
and studied their behavior. In the introduction, Hamann wrote that her paper might better be 
titled: "Why there is no notion of transcendence degree over arbitrary commutative rings." 

This paper aims to take up the challenge posed by this comment. We give a new definition 
of the transcendence degree of an algebra A over a ring R by calling elements oi, . . . , a n 6 A 
algebraically dependent if they satisfy an equation f{a±, . . . , a n ) = 0, where / a polynomial with 
coefficients in R such that the trailing coefficient of /, with respect to some monomial ordering, 
is 1 (see Definition II. 1[) . If R is a field, this definition coincides with the usual one. But in other 
cases, the new transcendence degree behaves in unexpected ways. For example, the transcendence 
degree of a ring over itself is "usually" not zero. As the main result, we prove that if A is finitely 
generated and R is a Noetherian Jacobson ring, then the Krull dimension of A is equal to the 
transcendence degree of A over R. In fact, this result extends to the case that A is contained in 
a finitely generated i?-algebra, and if A = R, the hypothesis that R is a Jacobson ring can be 
dropped (see Theorem ll.4p . In the case A = R the result was already proved for the lexicographic 
monomial ordering by Coquand and Lombardi [3] (see Theorem 1 1.3|) . 

The paper is organized as follows. The first section contains the new definition of the tran- 
scendence degree, some examples, and the statement of the main result (Theorem 1 1 .4f) . This 
is proved in the second section. We also show that the validity of Theorem 11.41 characterizes 
Jacobson rings (see Remark I2.7p . The last section is devoted to some applications and to the 
question whether the transcendence degree depends of the choice of a monomial ordering. We 
conjecture that is does not f Conjecture 13. 8|) . and prove some special cases (see Theorem 13. 7[) . 

This work was inspired by reading the above-mentioned paper of Coquand and Lombardi [3] , 
who characterized the Krull dimension by certain types of identities. Interpreting this in terms 
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of the lexicographic monomial ordering led to the new definition of the transcendence degree and 
prompted the questions to what extent this depends on the choice of the monomial ordering, and 
whether one can also prove a "relative" version involving the transcendence degree over a subring. 
In his bachelor thesis [1], Christoph Barligea studied (among other things) the first question and 
found no example where the transcendence degree depends on the monomial ordering. I wish to 
thank Peter Heinig for bringing Coquand and Lombardi's article to my attention. 

1 A new definition of the transcendence degree 

All rings in this paper are assumed to be commutative with an identity element 1. If R is a 
ring, an i?-algebra is a ring A together with a ring homomorphism R — > A. We call an R- 
algebra subfinite if it is a subalgebra of a finitely generated i?-algcbra. By dim(i?) we will 
always mean the Krull dimension of R. We follow the convention that the zero ring R = {0} has 
Krull dimension — 1. It will be convenient to work with the polynomial ring R[xi,X2, ■ ■ •] with 
infinitely many indeterminates over a ring R, and to understand a monomial ordering as a 
total ordering on the set of monomials of R[xi,X2, ■ ■ ■) such that the conditions 1 ^ s and 
sti ^ st2 hold for all monomials s,ti, and ti with t\ -< ti- Clearly any monomial ordering on a 
polynomial ring R[xi, . . . , x n ] with finitely many indeterminates can be extended to a monomial 
ordering in the above sense. 

The following notions of algebraic dependence and transcendence degree over a ring generalize 
the corresponding notions over a field. 

Definition 1.1. Let R be a ring. 

(a) Let "-<" be a monomial ordering. A nonzero polynomial f G R[x±, X2, ■ ■ ■] is called sub- 
monic with respect to "< " if its trailing coefficient (i.e., the coefficient of the least monomial 
having nonzero coefficient) is 1. 

A polynomial is called submonic if there exists a monomial ordering with respect to which 
it is submonic. 

(b) Let A be an R-algebra. Elements a±, . . . , a n G A are called algebraically dependent over 
R if there exists a submonic polynomial f G R[xi, . . . ,x n ] such that f{a\, . . . ,a n ) — 0. (Of 
course the homomorphism R — > A is applied to the coefficients of f before evaluating at 
ai,...,a n .) Otherwise, a\, . . . , a n are called algebraically independent over R. 

We can also restrict f to be submonic with respect to a specified monomial ordering "< ", 
in which case we speak of algebraic dependence or independence with respect to "< ". 

(c) For an R-algebra A, the transcendence degree of A over R is defined as 

trdeg(A : R) := 

sup {n G N | there exist a\, . . . ,a n G A that are algebraically independent over _R} . 

// every a G A is algebraically dependent over R, we set trdcg(A : R) := in the case 
A ^ {0} and trdeg(A : R) := -1 in the case A = {0}. We write trdeg(-R) := trdcg(i? : R) 
for the transcendence degree of R over itself. 

If "< " is a monomial ordering, we define trdeg^ (A : R) by requiring algebraic independence 
with respect to "< ". 

Example 1.2. (1) If R is an integral domain, then the elements of R that are algebraically 
dependent over R are and the units of R. 

(2) If R is a nonzero finite ring, then trdeg(i?) = since for each a G R there exist nonncgativc 
integers m < n such that a m = a". 
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(3) The following example shows that the notion of algebraic dependence with respect to a 
monomial ordering depends on the chosen monomial ordering. Let R = JTfti^] be a 
polynomial ring in two indeterminates and let a — t± and b — t\t 2 . The relation b — t 2 a = 
tells us that a, b are algebraically dependent over R with respect to the lexicographic 
monomial ordering with x\ > x 2 . On the other hand, algebraic dependence over R with 
respect to the lexicographic ordering with x 2 > x\ would mean that there exist i,j G No 
such that a l V — t\ 3 t 3 2 lies in the i?-ideal 

which is not the case. 

(4) We consider R = Z and claim that trdeg(Z) = 1. Since Z has nonzero elements which are 
not units, we have trdeg(Z) > 1. We need to show that all pairs of integers a, b G Z are 
algebraically dependent over Z. We may assume a and b to be nonzero and write 

r r 

a = ± W_pf and &=± II p < < ' 

i=l i=l 

where the pi are pairwise distinct prime numbers and di, ei G No- Choose n G No such that 
n > di/ei for all i with > 0. Then 

r r 
i/ un+l\ TT min{di,(n+l)ei} . , TT nei in 

gcd(a, b ) = l\_Pi divides l\_Pi =b , 

i=l i=l 

so there exist c, d € Z such that b n = ca + db n+1 . Since / = xV; — cx\ — dx r 2 l+1 is sub- 
monic (with respect to the lexicographic ordering with x\ > x 2 ), this shows that a,b are 
algebraically dependent. 

Clearly this argument carries over to any principal ideal domain that is not a field. It 
is remarkable that although the transcendence degree is an algebraic invariant, the above 
calculation has a distinctly arithmetic flavor. o 

It becomes clear from Example II. 2p ]) that sums of algebraic elements need not be alge- 
braic, and from (H} that the transcendence degree does not behave additively for towers of ring 
extensions. 

Coquand and Lombardi [3] proved that for a ring R and an integer n G N, the inequality 
dim(i?) < n holds if and only if for all ai, . . . , a n G R there exist mi, . . . , m n G No such that 

e (a r f[ar\j = l,...,n) (1.1) 

i=l i=l 

(also see Kemper [8, Exercise 6.8]). Using Definition 11.11 and writing lex for the lexicographic 
ordering with xi > Xi + \ for all i, we can reformulate this result as follows. 

Theorem 1.3 (Coquand and Lombardi [3]). If R is a ring, then 

trdeg lox (i?) = dim(i?). 

The following is the main result of this paper. 

Theorem 1.4. (a) If R is a Noetherian ring, then 

trdeg(i?) = dim( J R). 

(b) If R is a Noetherian Jacobson ring and A is a subfinite R-algebra, then 

trdeg lox (A : R) = dim(A). 
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(c) If R and A are as in (jbj and A is Noetherian, then 

trdeg(A : R) = dim(A). 

Parts (|bj and (jg) generalize the classical result that the Krull dimension of a finitely generated 
algebra over a field is equal to its transcendence degree. 

2 Proof of the main result 

The proof of Theorem If .41 is subdivided into various steps, which contain results that are them- 
selves of some interest. 

Recall that in a Noetherian ring R with dim(i?) > n there exist elements a%, . . . ,a n and a 
prime ideal P of height n that lies minimally over (a±, . . . , a n )p (see [8, Theorem 7.8]). Therefore 
the following theorem implies the inequality 

dim(-R) < trdeg(-R). (2.1) 

Theorem 2.1. Let R be a Noetherian ring. If a%, . . . ,a n £ R are elements such that R has a 
prime ideal of height n lying minimally over (ai, . . . , a n )n, then the <2j are algebraically indepen- 
dent over R. 

Proof. Let P £ Spec(i?) be a prime ideal of height n lying minimally over (oi, . . . , a n )p. Clearly 
it suffices to show that the images of the ai in the localization Rp are algebraically independent. 
Substituting R by Rp, we may therefore assume that R is a local ring and ax, . . . ,a n form a 
system of parameters. With q := (a\, . . . , a n )R, this implies that for all j € No the module R/<\> 
has finite length, and for sufficiently large j this length is given by a polynomial of degree n in j 
(see Matsumura [9, Theorem 17]). 

By way of contradiction, assume that a%, . . . , a n are algebraically dependent. This means that 
there exists a monomial t := fir=i x t % anc ^ further monomials tk '■= Yii=i X< T' % that are greater 
than t with respect to some monomial ordering such that 

n m n 

i=l fe=l i=l 

where the r^ are elements of R. By [8, Exercise 9.2(b)], there exist positive integers w±, . . . ,w n 
such that Y^i=i w idi < S"=i w i e k,i holds for fc 6 {1, . . . , m}. (The exercise uses the so-called 
convex cone of the monomial ordering, and a solution is provided in the book.) Writing (d) — 
(d\, . . . , d n ) and w(d) := YH=\ w Ai we can express the inequalities as 

w(d)<w(e k ) (fce{l,...,m}). (2.3) 

For j £ No we define the ideal 

n 

Ij ■= (J[a? | ei, . . . , e„ e N , w(e) > C i?. 

i=l 

With w := maxjwi, . . . , w n } we have /ujj C q J for all j, so for j sufficiently large, the length of 
R/Iwj is bounded below by a polynomial of degree n in j. 
Clearly Ij + i C Ij. We write 



{(e 1 ,...,e n )£W>\w(e)= ] }\ (j £ Z) 



and claim that Ij/Ij+i is generated as an i?-module by mj — ™j-to(d) elements. In fact, Ij / Ij + \ 
is clearly generated by all n™=i a r with w(e) = j. But if (e) £ Nq has the form (e) = (d) + (e') 
with w(e') = j — w(d), then 

n n m n 

n tt e =n a d ^ = V r, TT of*'* +e * e J,^i . 
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since 

w {§.k + £ ) = w (-fc) + w(e') > w id) + = J- 

I T2~3t 

So we can exclude such a product n"=i a i ; fr° m our se t of generators and are left with nij — 
m j-w(d) generators, as claimed. The definition of Ij implies that qlj C so Ij/Ij+i is an 

P/q-module. With Iq := length(P/q), we obtain 

j-i j-i j-i 

length(P/J,) = ^ length < Z (mj - m.^yj) = l ^ m;. 

i=0 i=0 i=j-w{d) 

In the ring Z[[t]] of formal power series over Z, we have 

oo J — 1 oo i+w(d) oo 

£ (/o E m <) <J = z ° E E m * tJ = l ° (E m * f ) (E * j 

j=0 i=j-w(d) i=0 j=i+l i=0 3=1 

= / (t + t 2 + ...+^)) = ~ /i + n-1 

(l-^i)---(l -t w ") (l-t w ») n 9[ ' p-^\ n-l 



t w OJ 



where wq :— lcm(wi, . . . , w n ) and g(t) £ Z[t]. It follows that length(P/Jj) is bounded above by 
a polynomial of degree at most n — 1 in j, contradicting the fact that length(P/7^j) is bounded 
below by a polynomial of degree n for large j. This contradiction finishes the proof. □ 

Remark. The converse statement of Theorem 12.11 may fail: For example, the only prime ideal 
lying minimally over the class of x in R :— K[x,y]/(x ■ y) (with K a field and x and y inde- 
terminates) has height 0, but the class of x is nevertheless algebraically independent over R. 
< 



Proof of Theorem ] 1.4^ ^- For any monomial ordering it follows directly from Definition 1 1.1 
that trdeg(P) < trdeg^(P). Applying this to the lexicographic ordering and using (|2.ip and 
Theorem rOl yields Theorem Oljaj) . □ 



Let A be an algebra over a ring R and let " be a monomial ordering. Then the inequalities 

trdeg(A) < trdeg(A : R) < trdeg^A : R) (2.4) 

follow directly from Definition 11.11 The next goal is to prove trdeg lex (^4 : R) < dim(A) in the 
case that R is a Noetherian Jacobson ring and A is finitely generated over R. To achieve this 
goal, we need four lemmas. The proof of part (jlj) of the following lemma was shown to me by 
Viet-Trung Ngo. 

Lemma 2.2. Let R be a Noetherian ring and P £ Spec(P). 

(a) If Q 6 Spec(P) such that P C Q and Q/P £ Spec(P/P) has height at least 2, then there 
exist infinitely many prime ideals P' £ Spec(P) such that P C P' C Q and ht(P'/P) = 1. 

(b) If M C Spec(P) is an infinite set of prime ideals such that every P' £ M satisfies PC?' 
and ht(P'/P) = 1, then P = f] P , eM P' . 

Proof. (juj) By factoring out P and localizing at Q we may assume that R is a local domain 
with maximal ideal Q, and P = {0}. For a £ Q \ {0} there exists P 1 £ Spec(P) which is 
minimal over (a)n. By the principal ideal theorem, P' has height one. So 



C 



U pl - 



p'eSpoc(fl), 
ht(p')=i 

If there existed only finitely many P' £ Spec(P) of height one, it would follow by the prime 
avoidance lemma (see [8, Lemma 7.7]) that Q is contained in one of them, contradicting 
the hypothesis ht(Q) > 1 
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(|b| Clearly P C (~} P , eM P' =: I. If P ^ P then every P' £ M would be a minimal prime ideal 
over I and so .M would be finite (see [8, Corollary 3.14(d)]). □ 

Lemma 2.3. A Noetherian ring R is a Jacobson ring if and only if for every P £ Spec(P) with 
dim(P/P) = 1 there exist infinitely many maximal ideals m £ Spec(P) with P C m. 

Proof. We prove that the negations of both statements are equivalent. First assume that R 
is not Jacobson. Choose P £ Spec(P) to be maximal among the prime ideals that are not 
intersections of maximal ideals. Then P itself is not maximal, so dim(P/P) > 1. On the other 
hand, it is impossible that dim(P/P) > 1, since by Lemma [2.21 that would imply that P is the 
intersection of strictly larger prime ideals and therefore (by its maximality) of maximal ideals. 
So dim(P/P) = 1. Therefore every maximal ideal m containing P satisfies ht(m/P) = 1, so by 
Lemma r2.2l|b|) only finitely many such m exist. 

Conversely, assume that R has a prime ideal P with dim(P/P) = 1 such that only finitely 
many maximal ideals, say mi, . . . , m n , contain P. If P = mi Pi • • ■ PI m n , then P would contain at 
least one of the m^, so P would be maximal. Since this is not the case, R is not Jacobson. □ 

The following lemma may be surprising since it does not require the ring R to be Jacobson. 

Lemma 2.4. Let a be an element of a Noetherian ring R and set 

U a := {a n (l + ax) | n G N , x £ R} 

Then the localization U~ 1 R is a Jacobson ring. 

Proof. We will use the criterion from Lemma 12.31 and the inclusion-preserving bijection between 
the prime ideals in S := U~ 1 R and the prime ideals P £ Spec(P) satisfying U a PI P — (see [8, 
Theorem 6.5]). Let P £ Spec(P) with U a Pi P = such that dim (S/U^P) = 1. Then there 
exists Pi £ Spec(P) with P C p 1 and U a Pi Pi = 0. The latter condition implies a ^ Pi and 
1 i Pl + (o)hj so there exists Q £ Spec(P) such that Pi + (a) R C Q. It follows that ht(Q/P) > 1, 
so by Lemma [2T2jjaj) , the set 

M := {P' £ Spec(P) PCP'CQ, ht(P'/P) = 1} 

is infinite. Assume that the subset A4' := {P' £ M a £ P'} is also infinite. Then Lemma l2~2"t[bj) 
would imply P = f] P , eM , P' , so a £ P, contradicting U a D P = 0. We conclude that M \ M! 
is infinite. Let P' £ M\M'. Then P' C Q and a £ Q imply that 1 + ax P' for every 
x £ R, so U a n P' = 0. Therefore U~ l P' £ Spec(S), and we also have U~ X P g f/"^'. Since 
dim (5'/?7~ 1 P) = 1, this implies that U~ 1 P' is a maximal ideal. So by Lemma T2.31 the infinity 
of M. \ M! implies that S is a Jacobson ring. □ 

Remark. The localization U~ 1 R from Lemma |2~41 was also used by Coquand and Lombardi [3]. 
They called it the boundary of a in P. < 

Lemma 2.5. Let R be a Jacobson ring and let A be a finitely generated R-algebra that is a field. 
Then the kernel of the map R A is a maximal ideal. 

Proof. We may assume that the map R — > A is injective, so we may view R as a subring of A. We 
need to show that R is a field. Since A is finitely generated as an algebra over K := Quot(P) (the 
field of fractions), it is algebraic over K (see [8, Lemma 1.1(b)]). So A is a finite field extension 
of K, and choosing a basis yields a map 

<p: A->K nxn 

sending each a £ A to the representation matrix of the linear map given by multiplication by a. 
Let <zi, . . . , a n be generators of A as an P-algebra and choose b £ R\ {0} to be a common denom- 
inator of all matrix entries of all <p(ai). Then ip(ai) £ P[6 _1 ]™ xn , and since ip is a homomorphism 
of P-algebras, its image is contained in P[6~ 1 ]" x ™. If a £ R \ {0}, then a -1 £ A, so 



diag(a _1 , . . . , a" 1 ) = ^(a" 1 ) £ Rib' 1 } 
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This implies a 1 G R[b 1 ], so i?[6 - 1 ] is a field. From this it follows by Eisenbud [4, Lemma 4.20] 
that R is a field. □ 

As announced, we can now prove the upper bound for the transcendence degree. As above, 
lex stands for the lexicographic ordering with Xi > Xi+i for all i. 

Proposition 2.6. (a) If R is a ring, then 

trdegi ox (i?) < dim(P). 



(b) If A is a finitely generated algebra over a Noetherian Jacobson ring R, then 

trdeg lex (A : R) < dim(A). 

Remark. Part (jaj) is contained in Coquand and Lombardi's result (Theorem II .3p . We include 
a proof of this part for the reader's convenience. < 

Proof of Proposition \2.6\ We prove both parts simultaneously, setting A = R in the case of 
part (JH$. It is clear that without loss of generality we may assume the map R —5- A to be 
injective, so we may view R as a subring of A. We may also assume A ^ {0} and dim(A) < oo. 
We use induction on n := dim (A) + 1. 

Let oi, . . . , a n G A. Consider the multiplicative set 

U := {/(a n ) | / G R[x] is submonic} C A 

and set A' := U~ 1 A. By way of contradiction, assume dim(A') > n— 1. Using the correspondence 
between prime ideals in A' and prime ideals in A that do not intersect with U, we obtain a chain 
Pi g p 2 C . . . C p n w ith Pi G Spec(A) and U n P, = 0. Since dim(A) = n - 1, A/P n must be 
a field. In the case of part (0, it follows by Lemma [2.51 that RP\ P n C P is a maximal ideal. 
In the case of part (gj), this is also true since R = A, So A/P n is an algebraic field extension 
of R/(R n P n ) (see [8, Lemma 1.1(b)]). From U n P„ = we conclude that a„ + P n G A/P n 
is invertible. So there exists g G R[x] such that a n g(a n ) — 1 G P„. But 1 — is submonic, so 
1 — a n g(a n ) G U, contradicting U PI P„ = 0. 

We conclude that dim(A') + 1 < n — 1. If A' = {0} (which must happen if rt = 1), then 
G U, so a n satisfies a submonic equation and therefore ai, ...,a„ are algebraically dependent 
with respect to lex. Having dealt with this case, we may assume A' 7^ {0}. 

Clearly R' := U~ 1 R[a n ] C A'. In the case of part (jaj) we have R' = A'. In the case of 
part {bj , A' is finitely generated as an P'-algebra, and by Lemma 12.41 R' is a Jacobson ring. 
So in both cases the induction hypothesis tells us that . . . , a "~ 1 G A' satisfy a polynomial 
/ G P'[xi, . . . , x n -\] that is submonic with respect to lex. Multiplying the coefficients of / by a 
suitable element from U, we obtain / G R[a n ][xi, . . . , x n _i] whose trailing coefficient G R[a n ] 
lies J7 such that f{a\, . . . , a„_i) = 0. By replacing every coefficient c G R[a n ] of / by a c' G P[a;„] 
with c'(a n ) = c, we obtain / G P[xi, . . . , x n ] with /(ai, . . . , o„) = 0. Since Ct G U, we may choose 
the coefficient c' t G P[a; n ] of / to be submonic. The trailing coefficient of / (with respect to lex) 
is equal to the trailing coefficient of c' t , which is 1. Therefore / is submonic with respect to lex. 

We conclude that ai, . . . ,a n are algebraically dependent with respect to lex. Since they were 
chosen as arbitrary elements of A, this shows that trdegi cx (^4 : R) < n — 1 — dim(A). □ 

We can now finish the proof of Theorem 11.41 

Proof of Theorem \ P^flb]) and (jcj) . Theorem 11.31 and Definition 11.11 imply 

dim(A) = trdeg lcx (A) < trdeg lox (A : P). 

If A is Noetherian, (I2.1[) and (|2.4[) yield the finer inequality 

dim(A) < trdeg(A) < trdeg(A : P) < trdeg lex (A : P). 
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So for the proof of Jb| and jcj) it suffices to show that trdeg lex (^4 : R) < dim(A). We may assume 
that < dim(A) < oo and write n = dim(yl) + 1. 

By hypothesis, A is a subalgebra of a finitely generated i?-algebra B. Let Pi , . . . , P r £ Spec(-B) 
be the minimal prime ideals of B, and assume that we can show trdeg lcx (A/A n Pi : R) < 
dim(j4/ 'ACiPi) for all i. Then for oi, . . . , a n £ A there exist polynomials fx, . . . , f r £ R[xx, ■ ■ • , x n ] 
that are submonic with respect to lex such that /j(oi, . . . , a n ) £ Pj. So Jl[=i fi( a i> ■ • • > a ») h es 
in the nilradical of B, hence there exists k such that ax, ■ ■ . , a n satisfy the polynomial Yii=i fit 
which is also submonic with respect to lex. This shows that we may assume B to be an integral 
domain. 

By Giral [5, Proposition 2.1(b)] (or [8, Exercise 10.3]), there exists a nonzero a £ A such 
that A[a _1 ] is finitely generated as an i?-algebra. So we may apply Proposition I2.6lf bf and get 
trdeg lox (Ala- 1 } : R) < dim (Ala- 1 ]). We obtain 

trdegi ex (A : R) < trdeg lox (A[a _1 ] : R) < dim (A[a -1 ]) < dim(A), 

where the first inequality follows directly from Definition 11.11 and the last since j4[a _1 ] is a 
localization of A. This completes the proof. □ 

Remark 2.7. (a) The hypothesis that R be a Jacobson ring cannot be dropped from Theo- 
rem [njb| and (jcj). In fact, the validity of Theorem ll.4[|b]) and (jej) characterizes Jacobson 
rings in the following sense: If R is a non- Jacobson ring, then by Eisenbud [4, Lemma 4.20], 
R has a nonmaximal prime ideal P such S := R/P contains a nonzero element b for which 
A := Slb^ 1 } is a field. So dim(A) = 0, but b is not a unit in S, so Example II .21 [T|) yields 

1 < trdeg(S) = trdcg(5 : R) < trdeg(A : R) < trdeg lox (A : R). 

Since A is a finitely generated i?-algebra, the assertions of Theorem ll.4l[b]) and (gj) fail for 
R. 

(b) Neither can the hypothesis that A is subfinite be dropped. In fact, if R is any nonzero ring, 
we can choose a maximal ideal m of R and form the polynomial ring S := (R/m) [x] and 
A := Quot(S'). Then 

dim(A) = < 1 = trdeg(A : R/m) = trdeg(A : R) = trdeg lcx (A : R). 

3 Some applications and further results 

It seems to be rare that Theorem 11.41 helps to compute the dimension of rings. In fact, the 
transcendence degree seems to be the less accessible quantity in most cases, so knowledge of the 
dimension provides information about the structure of the ring that is encoded in the transcen- 
dence degree. Example II. 2 [|4"|) contains such an instance. Here is a further example. 

Example 3.1. Let a and b be two nonzero algebraic numbers (i.e., elements of an algebraic closure 
of Q). There exists d £ Z \ {0} such that a and b are integral over Z[d _1 ], so A := Z [a, b, 
has Krull dimension 1. By Theorem ll.4[|b]) . trdeg lox (A : Z) = 1, so a, b satisfy a polynomial 
/ £ Wi[xx,X2] that is submonic with respect to lex. If x^x^ is the trailing monomial of /, then 
all monomials of / are divisible by x™, so we may assume m — 0. We obtain 

b n = a ■ g(a, b) + b n+1 ■ h(a, b) 

with g,h £ Z[xi,X2] polynomials. It is not so clear how the existence of such a relation follows 
directly from the properties of algebraic numbers. < 

The following corollary of Theorem ll.4lfb|) may be new: 

Corollary 3.2. Let R be a Noetherian Jacobson ring, B a subfinite R-algebra, and A C B a 
subalgebra. Then 

dim(A) < dim(.B). 
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Example 3.3. Let R be a ring that is finitely generated as a Z- algebra, G C Aut(i?) a group of 
automorphisms of i? and H C G a, subgroup. Then Corollary 13.21 tells us that 

dim (R G ) < dim (R H ) , 

even though the invariant rings need not be finitely generated (see Nagata [10]). < 
We also get the following geometric-topological consequence. 

Theorem 3.4. Let X be a scheme of finite type over a Noetherian Jacobson ring R. Let Y be 
a locally closed subset of the underlying topological space of X . Then dim(Y) = dim(Y). 

Proof. By part (|b]) of the following Lemma 13.51 we need to show that if dim(F) > n for an 
integer n, then dim(Y ) > n. (We will invoke Lemma I3.5l|bl) numerous times during this proof 
without always mentioning it.) By Lemma l3.5lfd|) . there exists an open affine subset U of X such 
that dim([/ n Y) > n. By Lemma [3.5fc j). U D Y is the closure of U D Y in U. It is also clear 
that U fl Y is locally closed in U. Moreover, if U = Spec(A), then A is finitely generated as an 
i?-algebra (see Hartshorne [7, Chapter II, Exercise 3.3(c)]). So by substituting X by U and Y 
by U fl Y, we may assume that X = Spec(^4) with A a finitely generated i?-algebra. 

Since Y = Spec(-B) with B a quotient ring of A, we may substitute A by B and assume 
that Y is dense in X. X has an irreducible component Xj with dim(Xj) > n. Since Xj n Y is 
nonempty, Xj fl Y is dense in Xj . So by substituting X by X, and factoring out the nilradical of 
A, we may assume A to be an integral domain. Since Y C X is nonempty and open, there exists 
a nonzero ideal / C A such that 

y = {Fe Spec(A) \ I%P}. 

Choose ^ a G /. Then 

D a := {P G Spec(A) | a £ P} C y, 

so it suffices to show that dim(D a ) > n. But D a is homeomorphic to Spec [A [a -1 ]) (see [8, 
Theorem 6.5 and Exercise 6.5]). Since A is a Jacobson ring (see Eisenbud [4, Theorem 4.19]), 
Corollary 13.21 yields 

dim [A [a -1 ]) > dim(A), 

so dim(Y) > dim(L> a ) = dim [A [a -1 ]) > n. □ 

The following lemma was used in the previous proof. 

Lemma 3.5. Let X be a topological space and Y C X a subset equipped with the subspace 
topology. 

(a) Y is irreducible if and only if its closure Y is irreducible. 

(b) The inequality dim(Y) < dim(X) holds for the dimensions of X andY as topological spaces. 

(c) If U C X is an open subset, then U C\Y is the closure of TJ fl Y in U . 

(d) If A is a set of open subsets of X such that X = Ui/e^t ^ an( ^ */dim(Y) > n holds for an 
integer n, then there exists U G A such that dim(C7 C\Y) > n. 

Proof. The proofs of (jg) and (0 are straightforward and left to the reader. 

To prove (jej), let Z C X be closed with UC\Y C Z. Then Y C (Y\U)uZ, so UDY C C/nZ. 
This shows that £7 fl Y is the smallest subset of X that contains [7 n Y and is closed in U. 

Under the hypothesis of (JdJ) , we may assume Y — X since { Y fl U \ U G -4} is an open 
covering of Y. There exists a chain Xo S Xi S • • • S X„ of closed irreducible subsets of X. We 
can choose J7 G A with [7 n Xq ^ 0. Then J7j := U n Xj ^ 0, and the C/i form an ascending chain 
of closed subsets in U. Since Ui is nonempty and open in Xj, its closure equals Xj. This implies 
that the inclusions between the Ui are strict, and, by (jg), that the Ui are irreducible. Therefore 
dim({7) > n. □ 
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Remark. Jacobson rings are characterized by the validity of Theorem 13.41 Indeed, every non- 
Jacobson ring R has a nonmaximal prime ideal P such S := R/ P contains a nonzero element b for 
which S^- 1 } is a field (seeJlemarkOjaj)). Then with X := Spcc(S') und Y := {Q £ X | b Q} 
we have dim(y) = 0, but Y = X and dim(X) > 0. < 

It seems odd that the lexicographic ordering plays such a special role in Theorems 11.31 and 11.41 
Can it be substituted by other monomial orderings? Theorem 13.71 below gives answers in some 
special cases. We need some preparations for its proof. 

Let us call a monomial ordering "^<" weight-graded if there exist positive real numbers 
Wi,w 2 , ■■ ■ such that if rj"=i ^ n"=i X T (with n, di, e l £ No), then Yh=i Widl - Yh=i w i e i- 

Lemma 3.6. Let ai,...,a n be elements of a Noetherian ring R such that dim(i?) < n and 
dim (i?/(ai, . . . , a n )p) < 0. Then ai,...,a„ are algebraically dependent with respect to every 
weight- graded monomial ordering. 

Proof. Let be a weight-graded monomial ordering. Consider the set J C R of all trailing 
monomials of polynomials / G R[x\, . . . , x n ] with /(<zi, . . . , a n ) = 0. It is easy to see that J is 
an ideal and I := (a\, . . . ,a n )p C J. We need to show that J — R. Suppose that we can show 
that for all maximal ideals m £ Spec(i?) with / Cm, the elements 6 R m are algebraically 
dependent with respect to . Then J D (R \ m) is nonempty, so J = R. This shows that we 
can assume that R is a local ring and / is contained in its maximal ideal. 

By hypothesis, R/I is Artinian, so by Matsumura [9, Theorem 17], the length of R/P is given 
by a polynomial of degree dim(i?) < n for j large enough. Since multiplying all weights Wi by 
the same positive constant does not change the monomial ordering, we may assume that to, > 1 
for % e {1, . . . , n). For (e) = (ei, . . . , e„) € Ng write w(e) := Y^i=i w i e i> an d for j G No set 

n 
z— 1 

Then P C J^-, so the length of i?/7j is bounded above by a polynomial of degree < n. Take 
j £ No and consider the set 

A j := {(d) £ N l | j < w(d) < j + 1} . 

By way of contradiction, assume that the a, are algebraically independent with respect to . 
For (d) G Aj, this assumption and the fact that is weight-graded imply 

n n n n n n 

T *» ^ (II'' II v ^ IK), % (II" II' ^ IK), £ J i' 

z— 1 i— 1 i— 1 i— 1 z— 1 z— 1 

So ordering Aj according to yields a chain of length |A, | of ideals between Ij + i and Jj. 
This implies length (/,• /J i+1 ) > so length (i?/^) > |{(d) G Nq 1 | w(d) < j}|. With W := 

max{wi, ...,»„}, we obtain 

length (R/Ij) > \{(d) £ N l | w(d 1 + ■■■ + d n ) < j}\ = 

contradicting the fact that the length of R/Ij is bounded above by a polynomial of degree < n. 
This contradiction finishes the proof. □ 

Theorem 3.7. Let A be a Noetherian ring and let "< " be a monomial ordering. 

(a) If A is an algebra over a ring R that contains a field K such that A is a subfinite K -algebra, 
then 

trdeg d (A : R) = dim(A). 

(b) If A = Bp with B a finitely generated algebra over a field and P £ Spec(i?), then 

trdeg^(A) = dim(A). 
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(c) Ifdim(A) < 1, then 

trdeg^(A) = dim(A). 

(d) If dim(A) < 1 and A is an subfinite algebra over a Noetherian Jacobson ring R, then 

trdeg d (^ : R) = d\m(A). 

Proof. By Definition 1 1.1 1 wc may assume A ^ {0}. By (|2.1[) and Definition 1 1.1 1 we have 

dim(A) < trdeg(A) < trdeg^(A) < trdeg^(,4 : R), 

where we set R = A in the case of (|b| and (jg). So we may assume n :— dim(A) + 1 < oo and 
need to show that all di, . . . , a n € A are algebraically dependent over R with respect to "^<" . 

jlj) By Theorem ll.4f [c]h the Oi are algebraically dependent over K. Since if is a field, the 
algebraic dependence is with respect to u ^<" , and since K C R, it is over R. 

(|b| Let P\,..,,P r £ Spec(^4) be the minimal prime ideals in A. For each i, A/ Pi is the 
localization of a finitely generated domain over a field at a prime ideal, so by Tanimoto [13], 
A/ Pi contains a field K l such that trdeg {A/P l : KA = dim (A/ PA. Therefore 

trdeg^ {A/ PA < trdcg^ (A/Pi : KA = trdeg (A/Pi : KA = dim (A/ Pi) < dim(A). 

So we obtain polynomials £ . . . ,x„] that are submonic with respect to such 

that fi(a±, . . . , a n ) € P^. A power of the product of the fi yields a submonic equation for 
ai, . . . , a n . 

|g) If dim(A) = 0, the algebraic dependence of the ai follows from Theorem 11.31 since every 
monomial ordering restricts to the lexicographic ordering on A[a;i]. So we may assume 
dim(j4) = 1. It follows by Robbiano [12] that the restriction of "X" to A[si,a;2] is either a 
lexicographic ordering or weight-graded. By Theorem 11.31 we may assume the latter. 

Let Pi, . . . ,P r be the minimal prime ideals of A satisfying a\ ^ Pi and set / := (Xi=i Pi 
(with / := R in the case r — 0). Every P £ Spec(^4) with / CP contains at least one of the 
Pi, and if ai £ P, then P l g P, so dim(^l/P) = 0. This shows that dim (A/ (I + Aa x )) < 0. 
Applying Lemma 13.61 to R := A/1 yields / £ A\x\,x-2\ that is submonic with respect to 
"^<" such that f(a\,a2) £ I. By multiplying / by x\, we may assume f (01,02) £ Aai, so 
by the definition of /, f(ai, 02) lies in every minimal prime ideal of A. Therefore a suitable 
power of / yields a submonic equation for a\ , 02 . 

(|d} By Corollary 13.21 the subalgebra A 1 C A generated by the ai has dimension at most 1. 
By |cj), the ai satisfy an equation f £ A'[x\, . . . ,x n ] that is submonic with respect to 
Obtain / £ R[xi, . . . ,x n ] from / by replacing every coefficient c £ A' of / be a c £ 
R\x\, . . . , x n ] with c(ai, . . . , a n ) = c, where the trailing coefficient of / is replaced by 1 £ R. 
It follows that / is submonic with respect to and f(a\, . . . , a n ) = 0. □ 

In view of Theorem 13.71 a candidate that comes to mind for a ring R such that trdeg_;(i?) > 
dim(i?) for some monomial ordering "^<" is the polynomial ring Z[x]. Using a short program 
written in MAGMA [2], I tested millions of randomly selected triples of polynomials from 1\x\ and 
verified that they were all algebraically dependent with respect to the graded reverse lexicographic 
ordering, even over the subring Z. This prompts the following conjecture: 

Conjecture 3.8. Theorem | j.^( jaj) and (jej) holds with "trdeg" replaced by "trdeg^ ", with 
an arbitrary monomial ordering. 

So far, all efforts to prove the conjecture have been futile. Let me mention that it would 
follow if one could get rid of the hypothesis "dim (R/(a\, . . . , a n )n) < 0" in Lemma I3"l)l 



12 



G. Kemper 



References 

[1] Christoph Barligea, Eine Charakterisierung der Krull- Dimension, Bachelor thesis, Technis- 
che Universitat Miinchen, 2010. 

[2] Wieb Bosma, John J. Cannon, Catherine Playoust, The Magma Algebra System I: The User 
Language, J. Symb. Comput. 24 (1997), 235-265. 

[3] Thierry Coquand, Henri Lombardi, A Short Proof for the Krull Dimension of a Polynomial 
Ring, Amer. Math. Monthly 112 (2005), 826-829. 

[4] David Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry, Springcr- 
Verlag, New York 1995. 

[5] Jose M. Giral, Krull Dimension, Transcendence Degree and Subalgebras of Finitely Gener- 
ated Algebras, Arch. Math. (Basel) 36 (1981), 305-312. 

[6] Eloise Hamann, Transcendence Degree over an Arbitrary Commutative Ring, J. Algebra 101 
(1986), 110-119. 

[7] Robin Hartshorne, Algebraic Geometry, Springer- Verlag, New York, Heidelberg, Berlin 1977. 

[8] Gregor Kemper, A Course in Commutative Algebra, Graduate Texts in Mathematics 256, 
Springer- Verlag, Berlin, Heidelberg 2011. 

[9] Hideyuki Matsumura, Commutative Algebra, Mathematics Lecture Note Series 56, Ben- 
jamin, Reading, Massachusetts 1980. 

[10] Masayoshi Nagata, On the 14th Problem of Hilbert, Amcr. J. of Math. 81 (1959), 766-772. 

[11] Nobuharu Onoda, Ken-ichi Yoshida, On Noetherian subrings of an affine domain, Hiroshima 
Math. J. 12 (1982), 377-384. 

[12] Lorenzo Robbiano, Term orderings on the polynomial ring, in: EUROCAL '85, Vol. 2 (Linz, 
1985), vol. 204 of Lecture Notes in Comput. Sci., pp. 513-517, Springer, Berlin 1985. 

[13] Hiroshi Tanimoto, The Transcendence Degree of an Integral Domain over a Subfield and the 
Dimension of the Domain, Nagoya Math. J. 170 (2003), 145-162. 



